The observation of the Stark-tuned Förster resonances between Rydberg atoms excited by narrowband cw laser radiation requires usage of a Stark-switching technique in order to excite the atoms first in a fixed electric field and then to induce the interactions in a varied electric field, which is scanned across the Förster resonance. In our experiments with a few cold Rb Rydberg atoms we have found that the transients at the edges of the electric pulses strongly affect the line shapes of the Förster resonances, since the population transfer at the resonances occurs on a time scale of ∼100 ns, which is comparable with the duration of the transients. For example, a short-term ringing at a certain frequency causes additional radio-frequency-assisted Förster resonances, while non-sharp edges lead to asymmetry. The intentional application of the radio-frequency field induces transitions between collective states, whose line shape depends on the interaction strengths and time. Spatial averaging over the atom positions in a single interaction volume yields a cusped line shape of the Förster resonance. We present a detailed experimental and theoretical analysis of the line shape and time dynamics of the Stark-tuned Förster resonances Rb(nP 3/2 )+Rb(nP 3/2 ) → Rb(nS 1/2 )+Rb([n+1]S 1/2 ) for two Rb Rydberg atoms interacting in a time-varying electric field.
The observation of the Stark-tuned Förster resonances between Rydberg atoms excited by narrowband cw laser radiation requires usage of a Stark-switching technique in order to excite the atoms first in a fixed electric field and then to induce the interactions in a varied electric field, which is scanned across the Förster resonance. In our experiments with a few cold Rb Rydberg atoms we have found that the transients at the edges of the electric pulses strongly affect the line shapes of the Förster resonances, since the population transfer at the resonances occurs on a time scale of ∼100 ns, which is comparable with the duration of the transients. For example, a short-term ringing at a certain frequency causes additional radio-frequency-assisted Förster resonances, while non-sharp edges lead to asymmetry. The intentional application of the radio-frequency field induces transitions between collective states, whose line shape depends on the interaction strengths and time. Spatial averaging over the atom positions in a single interaction volume yields a cusped line shape of the Förster resonance. We present a detailed experimental and theoretical analysis of the line shape and time dynamics of the Stark-tuned Förster resonances Rb(nP 3/2 )+Rb(nP 3/2 ) → Rb(nS 1/2 )+Rb([n+1]S 1/2 ) for two Rb Rydberg atoms interacting in a time-varying electric field. 
I. INTRODUCTION
Long-range interactions between highly excited Rydberg atoms are of interest for quantum information processing with single neutral atoms [1, 2] . Resonant dipoledipole interaction between atoms in an identical nL Rydberg state can be implemented via Stark-tuned Förster resonances [3, 4] . A Rydberg state should be exactly midway between two other Rydberg states of the opposite parity [ Fig. 1(a) ] to induce a Förster resonance. The electric field corresponding to the Förster resonance has certain values defined by the polarizabilities and energy spacing of Rydberg states in a zero field. Upon appropriate experimental conditions (highly stable and homogeneous electric field, absence of stray electric fields, weak dipole-dipole interaction), Stark-tuned Förster resonances can be as narrow as a few millivolts per centimeter [5] .
In our earlier papers [6] [7] [8] we studied the line shape of the Förster resonance Rb(37P 3/2 ) + Rb(37P 3/2 ) → Rb(37S 1/2 ) + Rb(38S 1/2 ) in cold Rb Rydberg atoms excited by a broadband pulsed laser radiation via a threephoton transition. The resonance was recorded by slowly scanning a weak electric field near the resonant value of 1.79 V/cm [ Fig. 1(c) ]. When the field was scanned * Electronic address: ryabtsev@isp.nsc.ru by ∼0.2 V/cm, the frequency of the optical transition 6S 1/2 → 37P 3/2 on the third excitation step changed by tens of megahertz due to the Stark effect. This frequency change was unimportant for broadband pulsed radiation as the radiation line width was much broader (∼10 GHz). However, an electric-field pulse was applied at the moment of laser excitation to pull out the cold Rb photoions formed due to photoionization by the intense pulsed laser radiation; otherwise, the Förster resonance became asymmetrical due to inhomogeneous electric fields from the photoions [8] .
In our recent experiments [2, 9, 10] we have switched to three-photon excitation by narrowband cw lasers. This prevents the appearance of photoions, since the laser intensities used are much lower than those for pulsed excitation, and the pulling electric-field pulse is not required. However, scanning the electric field by just 50 mV/cm shifts the Rydberg level out of resonance with the laser radiation, as the cw lasers have line widths below 1 MHz [9] . In order to avoid this problem, one needs to apply a Stark-switching technique [11] [12] [13] [14] to excite the atoms first in a fixed electric field and then to induce the interactions in a lower electric field, which is scanned across the Förster resonance [10, 13] , as shown in Fig. 1(b) .
We have found that the transients at the edges of the controlling electric pulses strongly affect the line shapes of the Förster resonances, since the population transfer at the resonances occurs on a time scale of ∼100 ns, which is comparable with the duration of the in the dc electric field. A dc Stark-tuned Förster resonance is impossible, but it can be induced by adding a ∼100-MHz radio-frequency field (green arrow) that binds the collective states [10] .
transients. For example, a short-term ringing at a certain frequency causes additional radio-frequency (rf)-assisted Förster resonances, while non-sharp edges lead to asymmetry (see Fig. 3 ). The short-time scale of the Rydberg interactions between cold atoms was also observed in Refs. [15, 16] .
In this paper, we present a detailed experimental and theoretical analysis of the Förster resonance line shapes and time dynamics in a time-varying electric field used for the Stark switching. The resonance under study is the Förster resonant energy transfer Rb(nP 3/2 ) + Rb(nP 3/2 ) → Rb(nS 1/2 ) + Rb([n + 1]S 1/2 ) due to dipoledipole interaction of two Rb Rydberg atoms [ Fig. 1(a) ] in a small single laser excitation volume of a frozen Rydberg gas. The energy detuning of this resonance, ∆ = E(nS 1/2 )+E([n+1]S 1/2 )−2E(nP 3/2 ), is controlled by a weak dc electric field F . The energy shift of a Rydberg level nL with nonzero quantum defect is quadratic and is defined by its polarizability, δE nL / = −α nL F 2 /2. The detuning is then given by
Here, ∆ 0 is the detuning in a zero electric field (for example, −103 MHz for n=37 and +74 MHz for n=39). The detuning can be tuned to zero for Rydberg states with n ≤ 38, as shown in Fig. 1(c) for the 37P 3/2 (|M J | = 1/2) state, while for states with n ≥ 39, the dc electric field only increases ∆, as shown in Fig. 1(d) for the 39P 3/2 (|M J | = 1/2) state. For the latter, a Förster resonance can be obtained by adding a ∼100 MHz rf field that induces rf transitions between collective states and compensates for the Förster energy defect, as demonstrated in our recent paper [10] . An experimental and theoretical line-shape analysis of the Stark-tuned Förster resonances was performed in Ref. [17] for the case of potassium Rydberg atoms colliding in a thermal atomic beam. It was found that averaging over atomic velocities leads to a cusped line shape, while resonant collisions in a velocity-selected atomic beam have nearly Lorentzian line shape. This finding agrees with what we have observed in a similar experiment on resonant Rydberg collisions in a sodium thermal atomic beam [18] .
It is quite surprising that cusp-shaped Förster resonances are also observed in cold Rydberg atom gases, where the atoms are nearly frozen [19, 20] . Line-shape analysis was performed in several papers. In Ref. [21] , it was found theoretically that the rare pair fluctuation at small spatial separation is the dominant factor contributing to the broadening of the Förster resonances. Our numerical Monte Carlo simulations using the Schrödinger's equation [7, 22] and our experimental data [7, 10] have shown that spatial averaging over the random positions of N = 2 − 5 Rydberg atoms interacting in a single laser excitation volume results in cusp-shaped Förster resonances as soon as the resonances saturate and the interaction time is long enough. Cusp-shaped Förster resonances were also observed recently at high Rb Rydberg atom density in Ref. [23] and an analytical model has been proposed. Another recent paper [24] reports on the broadening and overlapping of the Förster resonances in Rb Rydberg atoms at high density. Quasi-forbidden Förster resonances in Cs Rydberg atoms were observed in Ref. [25] . Finally, in Ref. [26] , microwave pump-probe experiments also demonstrated cusped line shapes observed in the spectra of dipole-dipole broadened microwave transitions in Rb Rydberg atoms. The line-shape analysis of the resonant dipole-dipole interaction thus remains a hot topic in the study of cold Rydberg atom samples.
II. EXPERIMENTAL SETUP
The experiments are performed with cold 85 Rb atoms in a magneto-optical trap (MOT). Typically, 10 5 − 10 6 atoms are trapped in a cloud of 0.5−0.6 mm diameter.
Our experiments feature atom-number-resolved measurement of the signals obtained from N = 1 − 5 detected Rydberg atoms with a detection efficiency of 65% [7] . It is based on a selective field ionization (SFI) detector with channel electron multiplier (CEM) and postselection technique. We can record Förster resonances for up to five of the detected Rydberg atoms and compare these with the numerical Monte Carlo simulations. The electric field for SFI is formed by two stainlesssteel plates that are 1 cm apart. These plates have holes and meshes for passing the vertical cooling laser beams and the electrons to be detected. The CEM output pulses from the nS and [nP +(n+1)S ] states (the two latter states have nearly identical ionizing fields and are detected together) are detected with two independent gates and sorted according to the number N of the totally detected Rydberg atoms. The normalized N -atom signals S N are the fractions of atoms that have undergone a transition to the final nS state.
The excitation of Rb atoms to the nP 3/2 (|M J |=1/2) Rydberg states is realized via three-photon transition Fig. 2(a) ] by means of three cw lasers modulated to form 2 µs exciting pulses at a repetition rate of 5 kHz [9] . The first excitation step is blue detuned by δ 1 =+92 MHz from the 5S 1/2 (F = 3) → 5P 3/2 (F = 4) transition in 85 Rb atoms. The second step is on-resonance (δ 2 =0) with the 5P 3/2 (F = 4) → 6S 1/2 (F = 3) transition. By scanning the frequency of the third-step laser across the 6S 1/2 (F = 3) → nP 3/2 transition, we observe a strong narrow peak of the coherent three-photon excitation [solid arrows in Fig. 2(a) ] detuned by δ 3 =−92 MHz [ Fig. 2(b) ], while the incoherent three-step excitation [dashed arrows in Fig. 2(a) ] is almost absent, as discussed in our papers [2, 9] . The intermediate states 5P 3/2 and 6S 1/2 are thus almost not populated.
Small Rydberg excitation volume of 20−40 µm in size is formed using crossed laser-beam geometry [6] . The effective volume size can be controlled by changing the laser intensity on the second excitation step (higher intensity gives bigger volume). The intensity is measured by observing the Autler-Townes splitting of the 6S 1/2 state for the incoherent three-step excitation [small peaks at ±26 MHz in Fig. 2(b) ]. The small peak at δ 3 =0 in Fig. 2(b) is a zero reference due to the added cooling laser radiation on the first step. The blue (thin) lines in Fig. 2(b) are theoretical calculations in a four-level model taking into account the finite laser line widths [9] . Application of a weak electric field shifts and splits the three-photon resonance, as shown in Fig. 2(c) . This allows us to use the Stark-switching technique to control the interaction of Rb atoms with the laser radiations.
The laser intensities are adjusted to obtain about one Rydberg atom excited per laser pulse on average. A proper choice of the exciting laser polarization (along the dc electric field) provides excitation of only nP 3/2 (|M J |=1/2) atoms from the intermediate 6S 1/2 state. In this case, a single Förster resonance is observed, FIG. 2: (color online) (a) Three-photon laser excitation of Rb(nP ) Rydberg atoms. The first step 5S →5P is detuned by δ1=+92 MHz, while the second step 6S →nP is tuned onresonance δ2=0. The solid arrows indicate coherent threephoton excitation and the dashed arrows indicate incoherent three-step excitation, as discussed in Ref. [9] . (b) Spectrum of the three-photon laser excitation of the 37P 3/2 state in a zero electric field. The Rabi frequencies of the intermediate transitions are Ω1=10 MHz, Ω2=26 MHz, and Ω3=2 MHz. The blue (thin) line is a theoretical calculation in a four-level model taking into account the laser line widths according to Ref. [9] . The small peak at δ3=0 is a reference due to the added cooling laser radiation on the first step. (c) Stark effect in the laser excitation spectrum of the 37P 3/2 state in a weak dc electric field.
which is most appropriate for experimental and theoretical analysis.
The dc electric field is calibrated with 0.2% uncertainty using the Stark spectroscopy of the microwave transition 37P 3/2 → 37S 1/2 at 80.124 GHz [6, 8] . The MOT magnetic field is not switched off in order to have high repetition rate, but microwave probing on the same transition allowed us to align the excitation point to a nearly zero magnetic field [6] . The 780 nm cooling laser beams are switched off before Rydberg excitation and then switched on after the SFI detection of Rydberg atoms.
We use a Stark-switching technique [10] [11] [12] [13] to switch the Rydberg interactions on and off, as depicted in Fig. 1(b) . Laser excitation occurs during 2 µs at a fixed electric field of 5.6 V/cm. Then the field decreases to a lower value near the resonant electric field (1.79 V/cm for the 37P 3/2 state), which acts for 3 µs or less until the field increases back to 5.6 V/cm. Then, 0.5 µs later, a ramp of the strong field-ionizing electric pulse of 200 V/cm is applied. The lower electric field is slowly scanned across the Förster resonance and the SFI signals are accumulated for 10 3 − 10 4 laser pulses. A pulse of the rf field with variable amplitude (0 − 0.5 V/cm) and frequency (10 − 100 MHz) can be admixed to the lower dc field.
III. EFFECT OF THE EDGES OF THE ELECTRIC-FIELD PULSE
The usage of the Stark-switching technique requires studying the effect of the finite duration of the edges and of the electric-field pulse itself on the observed line shape of the Förster resonance. As noted in Refs. [15, 16] , population transfer at a Förster resonance may occur rapidly, on a time scale of ∼100 ns. If the edges have similar duration, these can affect the line shape, which under conditions should be symmetrical and close to Lorentzian, except for the wings of the resonance [7] . At the same time, too fast switching may cause non-adiabatic transitions between Rydberg states, so the edges must not be too short (longer than ∼1 ns).
In our first experiments on the Stark switching of the Förster resonance Rb(37P 3/2 ) + Rb(37P 3/2 ) → Rb(37S 1/2 )+Rb(38S 1/2 ), we revealed that when we tried to obtain the 10-ns edges, on the leading edge there appeared a 300 ns transient in the form of damped 20 MHz oscillations of the voltage. It resulted in the appearance of additional weaker and broader Förster resonances having a regular structure of repetitions with the frequency interval being also about 20 MHz [ Fig. 3(a) ]. In fact, these resonances were induced by the pulse of the radiofrequency (rf) field corresponding to the ringing.
Then we suppressed the ringing and increased the leading edge duration to approximately 100 ns, while the falling edge was shorter (30 ns). The usage of such pulse with asymmetric edges has led to a noticeable asymmetry in the line shape of the Förster resonance [ Fig. 3(b) ]. This can be understood from the fact that in our experimental conditions, the population transfer at Förster resonance occurs mainly during the long leading edge.
After a substantial improvement of the electric circuitry, we managed to obtain an electric pulse with short edges (∼10 ns) and without any noticeable ringing or transients. This allowed us to record the symmetrical spectrum of the Förster resonance at Stark switching Fig. 6 (a) for the energy levels of the initial 37P +37P and final 37S +38S collective states in dc electric field. We studied these resonances experimentally in Ref. [10] .
In all cases considered above, the Förster resonance amplitudes and widths grow as the number of atoms N increases from 2 to 5, due to an increase in the total interaction energy and density of Rydberg atoms in the same laser excitation volume. The cusp-shaped Förster resonances are formed as soon as the resonances saturate and the interaction time is long enough. This observation agrees with our previous theoretical Monte Carlo simulations of the Förster resonances for N = 2 − 5 Rb Rydberg atoms randomly placed in a single excitation volume [7, 22] . 
IV. TIME DYNAMICS OF THE FÖRSTER RESONANCES A. Theory with density-matrix equations
The next issue to be analyzed is the dependence of the line shape and amplitude of the Förster resonance on the interaction time t which is set by the length of the controlling electric-field pulse [ Fig. 3(c) ]. We consider an example of the Stark-tuned Förster resonance Rb(37P 3/2 ) + Rb(37P 3/2 ) → Rb(37S 1/2 ) + Rb(38S 1/2 ) for two Rb Rydberg atoms [see Fig. 1 (a) for the energy level and transition scheme] randomly placed in a single excitation volume. The initial energy detun-
zero electric field is −103 MHz. For the laser-excited 37P 3/2 (|M J |=1/2) Rydberg atoms a single Förster resonance is observed at 1.79 V/cm, as shown in Fig. 3 
(c).
Our Förster resonance induces transitions between Rydberg states with ∆M J = 0. This corresponds to the z -oriented dipoles, and the operator of the dipole-dipole interaction isV
whered a,b are the z components of the dipole-moment operators of the two interacting atoms a and b, Z ab is the z component of the vector connecting the two atoms R ab (z axis is chosen along the dc electric field), and ε 0 is the dielectric constant. In order to calculate the time evolution of the populations in the two Rydberg atoms interacting via a Förster resonance, the simplest way is to solve the Schrödinger's equation for two interacting atoms. For two motionless atoms, this equation is solved analytically. Then the Förster resonance line shape and time dynamics can be obtained by Monte Carlo spatial averaging of the random atom positions in the laser excitation volume, as we did in Refs. [7, 22] .
However, when comparing the experimental and theoretical line shapes in Ref. [7] , we have found that in the experiment, we observed additional broadening of the Förster resonance, which was not described by the Schrödinger's equation for three-level Rydberg atoms shown in Fig. 4 (a). The additional broadening was due to the unresolved hyperfine structure of Rydberg states not taken into account in theory (∼500 kHz) and due to instability of the controlling dc electric field (∼5 mV/cm). Accounting for the hyperfine structure in the theory would strongly increase the number of equations for all collective states related to the Förster resonance, so that any analytical solution would be impossible, while numerical simulations would require a long time.
Therefore, the question about a simple theory correctly describing the line shapes of our Förster resonances observed for arbitrary interaction time remains open. In this paper, instead of the Schrödinger's equation, we elaborate a more adequate density-matrix model, which takes into account the additional broadening phenomenologically. Our considerations are limited to the case of N =2 interacting Rydberg atoms, when approximate analytical solutions can be found and compared with our experimental data.
Let us denote the lower energy state 37S as state 1, the middle state 37P 3/2 as state 2, and the upper state 38S as state 3, as shown in Fig. 4(a) . Then, for two interacting Rydberg atoms with dipole-dipole matrix element V given by Eq. (2), |22 is the initial collective state populated by a short laser pulse at t = 0, and |13 and |31 are the two equally populated final states having a small energy detuning ∆ from state |22 [ Fig. 4(b) ]. We ignore the other collective Rydberg states |21 , |12 , |23 , |32 , since they have large energy detunings from state |22 and are not populated at Förster resonance. A simpler effective two-level system, shown in Fig. 4 (c), with a reduced dipole-dipole matrix element √ 2 V can replace the three-level system of Fig. 4 (b) in the theoretical calculations, because collective states |13 and |31 are equivalent and behave identically. We now denote state |22 as state a in the effective two-level system and the symmetric composite state (|13 +|31 )/ √ 2 as state b in Fig. 4(c) . The other, antisymmetric composite state (|13 -|31 )/ √ 2 is not considered, as it is unaffected by the operator of the dipole-dipole interactionV and can be excluded from the analysis.
The most convenient form of equations for the densitymatrix elements ρ ij is the optical Bloch equations [27] , where the complex exponents are excluded by a replacement of variables, and the detuning ∆ is present only in the expressions for the reduced coherences (i = j) and is absent in the expressions for the populations (i = j):
Here, Ω = V / is the matrix element of the dipole-dipole interaction in circular frequency units. In Eqs. (3), we neglect the spontaneous and blackbody-radiation-induced depletion of the Rydberg states, as their effective lifetimes are tens of microseconds [28] and the related contribution to the Förster resonance width is just a few kilohertz, while in the experiments we typically observe Förster resonances of more than 1 MHz width. In order to take into account the additional broadening Γ phenomenologically, Eqs. (3) are modified using the method we have applied previously in Ref. [9] to account for the finite laser linewidths in a four-level theoretical model of the three-photon laser excitation of Rydberg states. In the equations for the coherences, we add the terms with Γ/2 in order to introduce additional coherence decay. This method is called the phase-diffusion model and it describes the case where the driving radiation (or interaction) has random phase fluctuations but no amplitude fluctuations [29] . The validity of this model was grounded in Ref. [30] . Note that the noise spectrum in this model has a Lorentzian shape, which is not necessarily the case in the experiments.
The two-atom signal S 2 measured in our experiments is a fraction of Rydberg atoms in the final state 37S or a population of the final state 37S per atom, which is calculated for the interaction time t as
In order to find ρ bb (t), Eqs. (3) can be solved analytically with the initial conditions ρ aa (0) = 1; ρ bb (0) = ρ ab (0) = ρ ba (0) = 0. Their solution reduces to finding the roots of a cubic equation, if Ω, ∆, and Γ are independent of time (see Appendix A). The resulting general analytical expressions are rather complicated, however, and in what follows we consider the analytical solutions only for some particular cases.
B. Theory for the Förster resonance amplitude
The exact analytical solution of Eqs. (3) for the time evolution of the Förster resonance amplitude S 2 (∆ = 0) is given by
The amplitude slowly goes to its steady-state value 1/4 as t increases. For the strong dipole-dipole interaction 8Ω 2 ≫ Γ 2 /16, the damped Rabi-like oscillations appear, while the steady-state value is also 1/4:
This is what can be observed with two Rydberg atoms, interacting in two spatially separated optical dipole traps, as in the experiments in Refs. [31, 32] . At Γ = 0, the oscillations would never end, since there is no decoherence for the two motionless atoms considered here. But, in fact, Γ cannot be zero as it is ultimately limited to a few kilohertz by the finite lifetimes of the Rydberg states [28] . In the realistic experiments, the atom positions are not fixed. The interaction term Ω in Eqs. (6) and (7) has a fluctuating value that results in decoherence and washing out the Rabi-like oscillations in Eq. (7), even at Γ = 0. To calculate the resonance amplitude measured in our experiments, Eqs. (6) and (7) should be averaged over all possible spatial positions of the two interacting atoms in the excitation volume, which is formed by the two intersecting laser beams. In Ref. [22] we have shown that the averaging can be done using the nearest-neighbor probability distribution [33, 34] with the average distance between nearest-neighbor atoms R 0 ≈ [3/(4πn 0 )]
1/3 at volume density n 0 . Using this method, we find the approximate analytical solutions to the averaged amplitudes of Eqs. (6) and (7) (see Appendix B):
where
is the orientation-averaged reduced interaction matrix element at the average distance R 0 .
Here, d 1 and d 2 are the dipole moments of transitions nP 3/2 (M J = 1/2) → nS 1/2 (M J = 1/2) and nP 3/2 (M J = 1/2) → (n + 1)S 1/2 (M J = 1/2). The fitting coefficients 0.44 and 0.55 have been found from the numerical simulations in the same way as in Ref. [22] for a cubic interaction volume (see Appendix B).
The time dependences of the averaged amplitudes in Eqs. (8) and (9) significantly differ from those in Eqs. (6) and (7) for two spatially fixed atoms. This should be taken into account when theory is compared with experiment.
C. Theory for the Förster resonance line shape
The analytical expressions for the line shape of the two-atom Förster resonances at ∆ = 0 are much more complicated than Eqs. (5)-(7). In the case when ρ bb ≪ ρ aa (weak interaction or short interaction time), the line shape for two frozen Rydberg atoms is approximately given by
e −Γt/2 sin (∆t) .
(10) Our numerical simulations have shown that this formula is quite precise (error less than 10%) for arbitrary Ω, Γ, ∆, and t as far as S 2 < 0.1. In fact, this is a general formula for the line shape of weak Förster resonances in two frozen Rydberg atoms. For the short interaction time Γt/2 ≪ 1, the line shape is given by just a Fourier transform of the short interaction pulse:
Its full width at half maximum (FWHM ) in circular frequency units is F W HM ≈ 2π/t. For the long interaction time Γt/2 ≫ 1, the line shape is given by a Lorentz profile with F W HM ≈ Γ,
In the opposite case of strong interaction 8Ω 2 ≫ Γ 2 /16, the line shape is approximately given by
This formula describes the saturation of the Förster resonance accompanied by the damped Rabi-like oscillations. As t or Ω grow, there appears a flat-top contour with the width of the flat-top part 4 √ 2Ω, while the resonance wings are close to a Lorentzian. At t → ∞, Eq. (13) gives S strong 2 → 1/4 independently of ∆. This is because the steady-state solutions ρ aa = ρ bb = 1/2; ρ ab = ρ ba = 0 of Eqs. (3) are independent of ∆ if Γ = 0. For large ∆, however, the time evolution is very slow, as described by the second term in Eq. (13) .
If Γ = 0, the line shape is given by the undamped Rabi-like oscillations for arbitrary t,
The resonance width is either F W HM ≈ 2π/t at t ≪ Ω −1 or F W HM ≈ 4 √ 2Ω at t ≫ Ω −1 . The position-averaged line shape of the Förster resonance for two atoms in a single interaction volume can be obtained analytically only for Eqs. (13) or (14), because they correctly describe the saturation of resonances, otherwise the integral in the averaging diverges at short interaction distances. In Ref. [23] , the averaging has been performed for the Lorentz pre-factor of Eq. (14) and an analytical formula has been obtained in terms of the standard sine and cosine integrals. This formula predicts a cusp-shaped Förster resonance at high Rydberg atom density, but it does not provide the time dependence of the amplitude and line shape.
In our averaging here, we use not the Lorentz pre-factor but Eq. (13) with Γ = 0, as discussed in Appendix C. The averaged line shape turns out to also be a cusp, which is approximately described by the following formula:
. (15) The fitting coefficients 0.44 and a have been obtained by comparing Eq. (15) Equation (15) is thus a general formula that describes the cusped line shape of the Förster resonance for two Rydberg atoms randomly positioned in a single interaction volume. It is valid for a broad range of all parameters, and in addition it describes the time dynamics of the Förster resonance for the interaction times t > 1 µs. In particular, it gives the same result as Eq. (8) for the averaged resonance amplitude, although Eq. (8) was derived for the weak dipole-dipole interaction, while Eq. (15) was derived from Eq. (13) describing the strong interaction. This can be explained by the fact that upon spatial averaging, the interactions between distant atoms are weak in most cases, as discussed in several other papers [17, 21, 23] .
The formation of the cusp-shaped resonance upon spatial averaging can be understood from the fact that at zero detuning, the interaction is long range (resonant dipole-dipole) and it is effective even for the distant atoms, while for nonzero detuning the interaction is short range (van der Waals) and it is much weaker for the distant atoms [10] . Therefore, upon spatial averaging, the resonance wings are reduced stronger than the resonance center, and this finally results in the cusped line shape. Equation (15) allows us also to calculate the FWHM of the cusped Förster resonance: 1/3 ≫ 1 the width is F W HM ≈ Ω 0 √ 5.3Γt/a. We thus see that at the strong interaction, the line width depends on time and grows with t. This finding is quite unusual, because it is generally believed that at the strong interaction the line width is defined only by Ω 0 [17, 21, 23] . This is a specific feature of the spatial averaging in a disordered atom ensemble. It stems from the fact that upon spatial averaging the third term in Eq. (13) averages to nearly zero, while the second term remains significant at Γ = 0 and fully defines the averaged line shape in Eq. (15) .
The only drawback of Eq. (15) is that it is invalid for the short interaction times (t < 1 µs), when the Fourier broadening dominates. The Fourier broadening is described by the third term in Eq. (13), which cannot be spatially averaged analytically with its time-dependent part, so numerical calculations are required. For the analytical estimates, the averaged Fourier broadening is described with a certain accuracy by Eqs. (10) We note that the above theoretical considerations are valid only for two interacting Rydberg atoms, when analytical solution of the density-matrix equation is possible. For the larger N numerical simulations should be used [22] . Figure 5 presents the line shapes of the Förster resonance Rb(37P )+Rb(37P )→Rb(37S )+Rb(38S ) recorded in our experiment for N =2 detected Rydberg atoms at various t . The interaction time t is set by the length of the square-shaped controlling electric-field pulse shown in Fig. 3(c) .
D. Experimental Förster resonance line shapes
At the long interaction times (1.975 and 2.975 µs), the resonance shape and width in Figs. 5(g) and 5(h) almost do not change with t . This means that the resonance takes its stationary form, and only its amplitude slowly grows with t according to Eq. (8). The resonance is cusp shaped, in agreement with Eq. (15) . The observed small asymmetry in the red wing of the resonance is presumably due to some imperfection of the electric-field pulse in Fig. 3(c) because the electric field slightly varies during the pulse and its edges are not absolutely perfect.
The narrowest resonance appears at t =2.975 µs. Its width in the electric-field scale is 16 mV/cm, corresponding to 1.9 MHz in the detuning scale. The detuning scale is obtained using the calculated polarizabilities of the collective Rydberg states in Fig. 1(c) . Our attempts to obtain a narrower resonance by increasing t were not successful. Since the Fourier width of the interaction pulse is t −1 ≈ 0.34 MHz and the estimated average interaction energy is Ω 0 /(2π) ∼ 0.25 MHz, they cannot be fully responsible for the 1.9 MHz resonance width. Therefore, there is an additional broadening Γ/(2π) ∼ 1 MHz, apparently due to the unresolved hyperfine structure and parasitic ac electric fields. This observation agrees with what we have observed in our previous experiments [7, 8] .
The Fourier broadening of the resonances is demonstrated in Figs. 5(a)-5(e) at the shorter interaction times (< 1 µs). The Fourier width of the interaction pulse is significant at short t and the Förster resonance broadens according to Eq. (11), while its amplitude decreases.
In Figs. 5(a)-5(h), we also compare the experimental two-atom spectra at various t with the line shapes numerically calculated with Eqs. (3) and averaged over the random positions of two atoms in a cubic interaction volume. The fitting parameters in the theory were the volume size 26×26×26 µm 3 and the additional broadening Γ/(2π) = 0.5 MHz. We also added a background signal S 2 ≈ 0.037 that appears in the experiments due to parasitic transitions between Rydberg states induced by a 300 K blackbody radiation (BBR) [28] . These parameters allowed us to fit the time dependences of the experimental spectra, both for the amplitude [ 
V. RADIO-FREQUENCY-ASSISTED FÖRSTER RESONANCES
As the rf-induced Förster resonances can be used to enhance the interactions between Rydberg atoms at long distances and to tune the van der Waals to resonant dipole-dipole interaction, we have performed the experiments where rf field of various frequencies and amplitudes was intentionally added. Our first experimental results were published in Ref. [10] . Here we analyze in more detail the main features of the rf-assisted Förster resonances and provide their comparison with theory.
A. Theory of rf-assisted Förster resonances
The physical interpretation of the rf-assisted Förster resonances was given in several papers [4, 5, 35, 36] . A comprehensive theoretical analysis can be found in Ref. [36] . Several features should be emphasized.
First, the rf field induces single-and multi-photon transitions between collective states, as shown by the arrows in Fig. 6(a) for the "accessible" Stark-tuned Förster resonance Rb(37P )+Rb(37P )→Rb(37S )+Rb(38S ) and in Fig. 6(b) for the "inaccessible" Förster resonance Rb(39P )+Rb(39P )→Rb(39S )+Rb(40S ), which cannot be Stark-tuned by the dc electric field [10] . The rf photons of frequency ω compensate for the Förster energy defect ∆ when it has values that are multiples of ω, i.e., ∆ = mω, with m being an integer. Multi-photon rf transitions can be driven if the rf field is strong enough. Similar Förster resonances between collective Rydberg states can also be induced by microwave fields [37] .
Second, rf-assisted Förster resonances can also be explained in terms of the Floquet sidebands induced by a periodic perturbation of the Rydberg energy levels by the rf electric field due to the Stark effect [5, 35, 36] . Such sidebands were observed experimentally in the laserexcitation spectra of cold Rb Rydberg atoms and reported in our paper [10] , as well as in several other experiments with Rydberg atoms in the vapor cells [38, 39] and atomic beams [40, 41] . Following Ref. [36] , one should consider the Stark effect in a composite electric field consisting of dc and rf parts,
Then the time-dependent energy shift of a Rydberg level with nonzero quantum defect is
The term F 2 rf /2 in the brackets is responsible for the ac Stark shift of the Rydberg level in the rf field [36] . The terms with cos(ωt) and cos(2ωt) drive the transitions between collective states if ∆ = mω.
The Floquet approach gives the eigenenergies of a Rydberg atom in a composite dc+rf field [36] as an infinite number of energy sidebands separated by ω [36] . For the Rydberg states experiencing quadratic Stark effect the relative amplitudes a nL,m of the wave functions of the Floquet sidebands are described by the generalized Bessel functions, while the wave function of the nL Rydberg state is
(20) The rf-assisted Förster resonances arise for the Floquet sidebands that satisfy the resonance condition ∆ = mω and intersect at some particular values of the dc electric field. Such resonances can also be observed when the rf-frequency is scanned and rf transitions of various orders are consequently induced [5] . At F dc = 0, the odd sidebands disappear according to Eq. (18) since only J 0 (0) = 1 is nonzero, while the even sidebands are weak. Therefore, the rf-field alone hardly drives the transitions between collective states with a quadratic Stark effect, so a dc field should also be present. Figure 6(c) shows the energy levels of the initial 37P +37P and final 37S +38S collective states of two Rydberg atoms in electric field in the presence of the firstorder Floquet sidebands at ±15 MHz. Their intersections correspond to rf-assisted Förster resonances. These resonances are presented in Fig. 6 (e) on the experimental record at a 200 mV rf-amplitude. This amplitude is high enough to induce the rf transitions of up to the fourth order. Multiple rf-assisted resonances are observed due to numerous intersections of the Floquet levels in Fig. 6(c) . It is remarkable that the first-and second-order resonances have nearly the same amplitude as the central resonance. This indicates that the strength of the dipoledipole interaction at the rf-assisted Förster resonances is comparable with that for ordinary Förster resonances without the rf field.
Figures 6(d) and 6(f) show the same for the Förster resonance on the 39P 3/2 state at 90 MHz and 100 mV. A narrow second-order resonance at 1.49 V/cm is well seen along with a much stronger first-order resonance at 0.57 V/cm. The first-order resonance saturates and broadens with cusped line shape as N increases, while the second-order resonance is unsaturated and remains narrow for all N.
Third, the amplitudes and line shapes of the rfassisted Förster resonances depend on many parameters (interaction energy, interaction time, orientation of dipole moments, number of atoms, dc and rf electricfield strengths) and should be calculated numerically using the density-matrix equations to compare them with experiment. In the adiabatic approximation the Förster resonance detuning in Eqs. (3) adiabatically follows the Stark shift in the oscillating composite electric field F given by Eq. (17):
Given that ∆(t) is now a function of t, Eqs. (3) cannot be solved analytically, and we applied only numerical simulations and Monte Carlo position averaging to find the theoretical spectra of two-atom rf-induced Förster resonances S 2 with Eqs. (3) .
B. Experimental results for rf-assisted Förster resonances
The left-hand column in Fig. 7 presents the experimental two-atom spectra S 2 of the Förster resonance Rb(37P 3/2 ) + Rb(37P 3/2 ) → Rb(37S 1/2 ) + Rb(38S 1/2 ) in a 15 MHz rf field of various amplitudes at t = 2.975 µs. Without the rf field, a single peak at 1.79 V/cm is a "true" Stark-tuned Förster resonance. Application of the rf field induces additional Förster resonances which are rf-assisted resonances of various orders. The frequency interval between the peaks corresponds to exactly 15 MHz, taking into account the calculated polarizabilities of these Rydberg states [10] . Increasing the amplitude of the rf field leads to the appearance of the higherorder resonances. At the maximum amplitude of 300 mV, even the fifth-order resonance can be seen.
The right-hand column in Fig. 7 presents the spectra, which have been numerically calculated using Eqs. (3) and (21) and then spatially averaged. The fitting parameters in the theory were the volume size 30×30×30 µm 3 and the additional broadening Γ/(2π) = 0.5 MHz. A BBR-induced background signal S 2 ≈ 0.027 is added to the theoretical spectra. The theoretical spectra match the experimental ones very well, both in the number and amplitude of the observed sidebands and in the line shapes at various rf amplitudes.
However, in order to obtain this agreement, in the simulations we had to take the rf-field strength ∼17% larger than the one we measured in the experiments (the experimental rf amplitudes indicated in Fig. 7 should be divided by the 1 cm spacing between our electric-field plates). We also did not manage to calculate correctly the sideband amplitudes in Fig. 7 with Eqs. (19) and (20) . This disagreement remains unclear and should be a subject of another dedicated study. One of the possible reasons can be the violation of the adiabatic approximation used in Eq. (21) .
Another discrepancy in Fig. 7 is the central peak at 1.79 V/cm and 300-mV rf amplitude. While theory predicts that it should be narrow and small, in the experiment it appears rather broad. The reason is that in the experiment, this peak is formed due to two processes. As can be seen from the electric pulse shape in Fig. 3(d) , the rf pulse is applied with ∼100 ns delay with respect to the leading edge of the electric pulse. During that delay, there is no rf field, so a normal Fourier-broadened Förster resonance similar to that in Fig. 5(b) should appear. Then the rf pulse is on and this resonance is formed in the rf field. At the large amplitude of 300 mV, this field causes the ac Stark shift of the Rydberg level in the rf field, as noted below Eq. (18) . As a result, the central peak is formed by a broadened Förster resonance in a short dc field pulse and by a narrower shifted resonance in the rf field. Now we will turn to the "inaccessible" Förster resonance Rb(39P 3/2 ) + Rb(39P 3/2 ) → Rb(39S 1/2 ) + Rb(40S 1/2 ) which cannot be tuned by the dc electric field. Its collective energy levels in the dc electric field are shown in Fig. 6(b) . The dc field alone increases the energy detuning ∆ and makes the interaction between Rb(39P ) atoms less efficient. However, as we have shown in Ref. [10] , the rf field can induce transitions between collective states, so the population transfer at the Förster resonance occurs for the Floquet sidebands irrespective of the possibility to tune it by the dc field. In the present experiment, we applied rf field with 95 MHz frequency and 100 mV amplitude, which created the Floquet sidebands as in Fig. 6(d) .
In Figs. 8(a)-8(d) , we compare the experimental firstorder rf-induced Förster resonances recorded for two atoms at various t to the theoretical line shapes numerically calculated with Eqs. (3) and (21) and averaged over random positions of two atoms in a cubic interaction volume. A BBR-induced background signal S 2 ≈ 0.03 is added to the theoretical spectra. The fitting parameters in the theory were the volume size 16×16×16 µm 3 , the additional broadening Γ/(2π) = 1 MHz, and the rf-field strength 150 mV/cm (the latter is 50% larger than the experimentally measured one; this discrepancy remains unclear). These allowed us to fit the time dependences of the experimental spectra both for the amplitude [ Fig. 8(e) ] and width [ Fig. 8(f) ] of the twoatom Förster resonance. The amplitude and width are measured with respect to the BBR-induced backgroundsignal level.
The narrowest resonance appears at t =2.975 µs. It has a cusped shape, in agreement with Eq. (15) , and its width in the electric-field scale is 18 mV/cm, corresponding to 1.1 MHz in the detuning scale, so this resonance is nearly two times narrower than that for the 37P 3/2 state. The detuning scale is obtained using the calculated polarizabilities of the collective Rydberg states in Fig. 1(d) . The main contribution to Γ thus comes from the parasitic ac electric fields. That is why in the theory we have to take Γ/(2π) = 1 MHz (i.e., two times larger than that for the 37P 3/2 state), and a smaller interaction volume to fit the amplitude of the two-atom resonances in Fig. 8 .
RF-assisted inaccessible
Förster resonances provide a way to tune the van der Waals to resonant dipole-dipole interactions and increase the interaction strength at long distances. This can be particularly useful for enhancing the dipole blockade effect [42, 43] in mesoscopic Rydberg ensembles and for improving the fidelity of twoqubit quantum gates based on temporary Rydberg excitations [1, 2] or of single-photon transistors based on the Förster resonances in Rydberg atoms [44] . For Rb nP 3/2 states with n=40-100, the required rf-frequencies lie in the 100−325 MHz range, and for nS states with n=70−120, they are in the 140−700 MHz range. These are reasonably low rf-frequencies, which can also be found in other alkali-metal atoms [45] .
VI. CONCLUSIONS
In this paper, we have performed a detailed experimental and theoretical analysis of the line shape and time dynamics of the Stark-tuned Förster resonances Rb(nP 3/2 ) + Rb(nP 3/2 ) → Rb(nS 1/2 ) + Rb([n + 1]S 1/2 ) for two Rb Rydberg atoms interacting in a time-varying electric field.
In the theoretical analysis, we used an effective twolevel density-matrix model that allowed us to account for the additional broadenings of the Förster resonances due to the unresolved hyperfine structure and parasitic ac electric fields. The analytical formulas have been obtained for the amplitude and line shape of the Förster resonances that correctly describe the time dynamics and dephasing of the Rabi-like population oscillations. Averaging over the random spatial positions of two Rydberg atoms in the interaction volume leads to the formation of a cusped line shape if the interaction time exceeds 1 µs and the dipole-dipole interaction is strong enough to broaden the resonance. For the strong resonance, the line shape and width are shown to depend on the interaction time. At short interaction time, the resonance width is limited by the Fourier transform of the interaction pulse.
These theoretical considerations agree well with our experimental results for two Rb Rydberg atoms interacting in a single small laser-excitation volume. We have observed both the cusp-shaped Förster resonances at the long interaction time and Fourier broadened resonances at the short interaction time. The time dependences of their amplitude and width are well reproduced by the numerical simulations.
Good agreement between experiment and theory confirms that any unresolved (hyperfine or Zeeman) structure or parasitic ac Stark broadening of the Förster resonances can be accounted for theoretically by a single parameter Γ. This significantly reduces the number of equations and simplifies the calculations of the line shapes and time dynamics of the Förster resonances. The time dynamics itself is represented either by the smooth exponential saturation in disordered atom ensembles, as observed in our present experiment, or by the damped Rabi-like oscillations for two frozen Rydberg atoms, as in Refs. [31, 32] .
In our experiments, we have also found that the transients at the edges of the controlling electric pulses strongly affect the line shapes of the Förster resonances, since the population transfer at the resonances occurs on a time scale of ∼100 ns, which is comparable with the duration of the transients. A short-term ringing at certain frequency causes additional radio-frequencyassisted Förster resonances, while non-sharp edges lead to an asymmetry.
An intentional application of the radio-frequency field induces transitions between collective states of two Rydberg atoms whose line shape depends on the interaction strengths and time. These resonances are the rf transitions between collective Floquet Rydberg states formed by the rf field due to the Stark effect. In the presence of the dc electric field, they can be induced both for Förster resonances which can be tuned by the dc field alone and for those which cannot be tuned. The van der Waals interaction of arbitrary Rydberg states can thus be efficiently tuned to resonant dipole-dipole interaction using the rf field.
APPENDIX A. Analytical solution to the density-matrix equations
The density-matrix equations (3) can be solved analytically for arbitrary Ω, ∆, and Γ, if these are independent of time. In order to do that, we first make the replacements
Then we substitute these into Eqs. (3) and obtaiṅ
After several substitutions we come to a single differential equation
Then we seek the solution as N ∼ e µt and obtain the cubic equation,
This equation has three roots, which are found analytically with the following sequence of equations taken from the mathematical handbooks:
Finally, the three roots are
Then we seek N in the form
with the initial conditions N (0) = 1;Ṅ (0) = 0;N (0) = −8Ω 2 . These conditions give us the final exact analytical solution for the coefficients,
These formulas allow us to find N analytically and thus provide the exact analytical solution to Eqs. (3) for arbitrary Ω, ∆, Γ, and t. The two-atom signal is then calculated as
The exact formulas are rather complex and cannot be presented in a clearly understandable way. Therefore, in Secs. IV B and IV C we consider the analytical solutions only for some particular cases where the formulas are reduced to short expressions. For two interacting Rydberg atoms randomly positioned in a single laser-excitation volume, the spatial averaging of the Förster resonance amplitude given by Eqs. (6) or (7) can be performed analytically in the same way as in Ref. [22] . The averaging is done using the nearest-neighbor probability distribution [33, 34] with the average distance between nearest-neighbor atoms R 0 ≈ [3/(4πn 0 )] 1/3 at volume density n 0 ,
This integral is finite because Eqs. (6) and (7) are finite even at R → 0 when Ω → ∞. Its approximate analytical solution can be found if we use a conventional removal of the orientation-dependent part in Eq. (2); that is, we consider a "scalar" dipole-dipole interaction. We remove the 3Z The integrand in this expression is zero at x → 0 and at x → ∞, but it has a maximum at x 0 = 16Ω
This maximum is exp −1.5 16Ω 2 0 t/Γ 1/3 , while the width of the integrand in the x scale is of the order of 1. We therefore assumed that with a certain accuracy, the integral can be estimated as α exp − βΩ Here α, β ∼ 1 are the fitting parameters, which can be found by numerical simulations. In fact, we should take α = 1 to make the amplitude zero at t =0. Then our numerical simulation for a cubic interaction volume gave us β ≈ 0.44, so the average amplitude for the weak interaction is approximately .
At the strong dipole-dipole interaction, the integral to be found for the averaged amplitude of the Förster resonance is An approximate analytical solution may be found as in Ref. [22] if we note that the main contribution to the integral comes from the very short distances, where the rapidly oscillating squared sine function can be replaced with its average value 1/2. Then the integration should start at x = 0 and stop at some point x 0 ≈ αΩ 0 t, where α ∼ 1, because the integrand exponentially drops at x > x 0 . Again, α is a fitting parameter, which can be found by numerical simulations. Our simulations for a cubic interaction volume gave us α ≈ 0.55, so the average amplitude for the strong interaction is approximately The Förster resonance line shape can be averaged analytically in the same way as the amplitude. The main requirement is that the integral over R must not diverge at R → 0 when Ω → ∞. Therefore, the averaging can be done with Eqs. (13) or (14) that correctly describe the saturation of Förster resonances. But, in fact, Eq. (14) cannot be averaged analytically at ∆ = 0 due to its complicated dependence on R. Only its Lorentz pre-factor can be averaged as in Ref. [23] , but it does not provide the dependence on the interaction time.
Therefore, in our averaging, we use Eq. (13) with Γ = 0. It is distinguished by the fact that upon spatial averaging, the third term in Eq. (13) averages to nearly zero at ∆ = 0 and Γt > 1, while the second term remains significant at Γ = 0 and fully defines the averaged line shape. The averaged line shape to be found is The integrand in this expression is zero at x → 0 and at x → ∞, but it has a maximum at x 0 = 4Ω 2 0 Γt/∆ 2 1/3 .
This maximum is exp −1.5 4Ω 2 0 Γt/∆ 2 1/3 , and the width of the integrand in the x scale is of the order of 1. We therefore suggested that, to some precision, the integral can be estimated as α exp − βΩ 2 0 Γt/∆ 2 1/3 , with α, β ∼ 1 being the fitting parameters, which can be found by numerical simulations. In fact, we should take α = 1 to make the amplitude zero at t =0. Then the average line shape for the weak interaction is approximately Our numerical simulations have shown that this formula works well at large ∆, but it does not work correctly near ∆ = 0. We assumed that it can work better if we modify it phenomenologically as follows: 
